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Abstract
Recently it has been shown that there is asymptotic BMS-like symmetry associated with
the near-horizon geometry of black holes in three and four dimensions. In this paper, we show
that the presence of such BMS-like symmetry is a ubiquitous feature for black holes in generic
dimensions. For black holes in D dimensions, the symmetry contains 2 supertranslations and
D − 2 generalized superrotations. The superrotations are found to generate a generalized
Witt-like algebra that was previously noticed in a rather different construction. In the case
of stationary and axisymmetric black holes, we calculate the surface charges and show that
the zero-mode charges are intimately related to the entropy and angular momenta of the
black hole.
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1 INTRODUCTION
In the past few years, important connections have been made between BMS symmetries and
soft theorems[1, 2, 3, 4]. The BMS symmetries [5, 6] transform the Minkowski vacuum into
other physically inequivalent vacua, which differ from each other by the creation or annihila-
tion of soft gravitons. All such vacua have zero energy but with different angular momenta.
Hawking, Perry and Strominger [7] suggested that these inequivalent vacua might play a
pivotal role in solving the information paradox. They argued that the “losing” information
could be stored in the supertranslation and superrotation charges on the horizon, so called
“soft hair,” associated with the shifts of the horizon which are caused by the ingoing particles
[8]. An alternative interpretation of the symmetries can be found in [9].
BMS-like symmetries are previously only constructed at the null infinity of asymptoti-
cally flat spacetimes. In [10], Booth constructed the near horizon metrics for D dimensional
black holes, by starting with a D− 2 dimensional hypersurface. These near horizon metrics
are applicable to any D dimensional black holes. Using these metrics and with appropriate
boundary conditions, Donnay et al demonstrated the existence of BMS-like supertranslation
and superrotation symmetries near the horizons of black holes in three and four dimen-
sions [11, 12]. Using BTZ [13, 14] and Kerr black hole as explicit examples, they found
that the nonvanishing zero-mode charges are related to the black hole entropy and angu-
lar momentum. The importance of this work was soon noticed in several other works, e.g.
[15, 16, 17, 18, 19, 20].
In this paper, we would like to investigate the same problem in generic dimensions. This
is technically made possible by the general near horizon metric available from [10] and the
existing strategy to calculate charges using near horizon data for stationary and axisymmet-
ric black holes in generic dimensions [21]. The main motivation for the effort is that, due to
the possibility for more independent rotations in higher dimensions, the near horizon BMS-
like symmetries as found in [11, 12] will very likely contain more generalized superrotations,
and superrotation is known to play a significant role in the recent discussion on “missing”
information for black holes [7, 22, 23, 24, 25, 26]. By moving to generic dimensions and mak-
ing the number of generalized superrotations a variable, it could be easier to test possible
scenarios on how exactly the BMS-like symmetries can contribute to the quantity of account-
able “missing” information. We find that there also exist infinite-dimensional symmetries
near the horizons of black holes in generic dimensions. In D dimensions, these symmetries
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contain 2 supertranslations and D − 2 generalized superrotations. The superrotations are
found to generate a new Witt-like algebra that was only recently noticed but in a rather
different construction [27].
The paper is organized as follows. In Sec. 2, we discuss the extended symmetries of
general D-dimensional black holes, following the same logic steps of [12]. In Sec.3, we apply
the result to the case of stationary black holes and calculate the charges. Sec.4 contains a
brief summary.
2 SUPERTRANSLATION AND SUPERROTATION
NEAR D-DIMENSIONAL BLACK HOLE HORI-
ZONS
2.1 Boundary conditions
In [10], Booth constructed the near horizon metrics forD dimensional black holes, by starting
with a D − 2 dimensional hypersurface. According to [10], consider a D-dimensional black
hole, whose near horizon geometry can be characterized by Gaussian null coordinates
ds2 = gvvdv
2 + 2dvdρ+ 2gvAdvdx
A + gABdx
AdxB (1)
where υ is the advanced time coordinate, ρ ≥ 0 describes the radial distance to the horizon,
xA(A = 1, . . . , D − 2) are the angular coordinates.
Similar with [11, 12], the boundary conditions that chosen in this paper are
gvv = −2κρ+O(ρ2)
gvA = ρθA +O(ρ2)
gAB = ΩAB + ρλAB +O(ρ2) (2)
where κ, θA, λAB and ΩAB are functions of υ and x
A. The indices {A} are risen and lowered
by the metric on angular coordinates ΩAB, while A, B and C...stand for arbitrary angular
coordinates. O(ρ2) items stand for those functions vanish equally or faster than ρ2 at small
ρ. Some metric elements which are not mentioned in Eq.(1) are regarded as the same order
or higher order than O(ρ2).
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In other words, the metrics behave in the near horizon region as
ds2 = −2κρdυ2 + 2dρdυ + 2ρθAdυdxA + (ΩAB + ρλAB)dxAdxB +∆gij(ρ2)dxidxj. (3)
It is always possible to get a coordinate system to admits the form Eq.(3) which could
describe the black hole horizon.
2.2 Asymptotic Killing vectors and symmetries
In the near horizon region, the asymptotic Killing vectors can be expanded as
ξυ = f11 + ρf12 + ρ
2f13 +O(ρ3),
ξρ = f21 + ρf22 + ρ
2f23 +O(ρ3),
ξA = fA31 + ρf
A
32 + ρ
2fA33 +O(ρ3).
(4)
All the functions in above expressions only depend on υ and xA. As the asymptotic Killing
vectors must preserve the boundary conditions Eq.(2), Lξgij = δξgij , which means the vari-
ations of the metric along the vectors will keep the form of
Lξgυυ = −2ρδζκ+O(ρ2), (5)
LξgυA = ρδζθA +O(ρ2), (6)
LξgAB = δξΩAB + ρδξλAB +O(ρ2), (7)
Lξgρρ = O(ρ2), Lξgυρ = O(ρ2), LξgρA = O(ρ2). (8)
By calculating the Lie derivative of Eq.(3) along ξ, one can get the following equations
from Eq.(8)
f12 = 0, f13 = 0 (9)
f22 = −∂υf11, f23 = 1
2
ΩABθA∂Bf (10)
fA32 = −ΩAB∂Bf11, fA33 =
1
2
ΩABΩCDλBD∂Cf. (11)
And Eq.(5) leads to
δξκ = f
A
31∂Aκ+ ∂
2
υf11 − θA∂υfA31 + κ∂υf11 + f11∂υκ (12)
∂υf21 = κf21. (13)
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At the same time, Eq.(6) leads to
∂Af21 =− θAf21 − ΩAC∂υfC31 (14)
δξθA =− 2κ∂Af11 + θB∂AfB31 + fB31∂BθA + f11∂υθA − 2∂υ∂Af11 (15)
+ ΩBC∂υΩAB∂Cf11 + λAB∂υf
B
31.
Assuming that the leading items of the Killing vector does not depend on the fields.
Eq.(14) implies
f21 = 0, ∂υf
A
31 = 0. (16)
Therefore, the form of asymptotic Killing vectors that meet boundary conditions can be
given as
ξυ = f(υ, xA) +O(ρ3),
ξρ = −ρ∂υf + 1
2
ρ2ΩABθA∂Bf +O(ρ3),
ξA = Y A(xE)− ρΩAC∂Cf + 1
2
ρ2ΩABΩCDλBD∂Cf +O(ρ3).
(17)
For a given metric, its asymptotic Killing vectors can be regarded as just functions of f and
Y A. Note that, each angular coordinate corresponds to a Y A, it means that there exist D−2
pieces of Y A. Particularly, there are only two pieces of Y A in four dimensional cases.
Then according to Eq.(5)–Eq.(7), the corresponding variation of the fields occur in the
metric
δξκ = Y
A∂Aκ+ ∂
2
υf + ∂υ(κf), (18)
δξθA = LY θA + f∂υθA − 2κ∂Af − 2∂A∂υf − ΩAB∂υΩBC∂Cf, (19)
δξΩAB = LYΩAB + f∂υΩAB, (20)
δξλAB = LY λAB + θA∂Bf + θB∂Af + f∂υλAB − λAB∂υf − 2∇A∇Bf, (21)
where ∇A denotes the covariant derivative corresponding to ΩAB and LY stands for the Lie
derivative along Y A.
It is easy to see that the asymptotic Killing vectors are locally depend on fields defined in
the metric, and the algebra generated by Lie brackets does not close. By taking a modified
version of Lie brackets mentioned in [28, 29]
[ξ1, ξ2] ≡ Lξ1ξ2 − δξ1ξ2 + δξ2ξ1. (22)
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The algebra of asymptotic Killing vectors is given by
[ξ(f1, Y
A
1 ), ξ(f2, Y
A
2 )] = ξ(f12, Y
A
12), (23)
then the corresponding algebra reads:
f12 = f1∂υf2 − f2∂υf1 + Y A1 ∂Af2 − Y A2 ∂Af1 (24)
Y A12 = Y
B
1 ∂BY
A
2 − Y B2 ∂BY A1 . (25)
2.3 Charges
The variation of surface charges for arbitrary dimensional black holes caused by asymptotic
Killing vectors can be calculated in covariant approach [30, 31]
✁δQξ[g; h] =
1
16piG
∫
(dn−kx)µν
√−g[ξν∇µh− ξν∇σhµσ + ξσ∇νhµσ
+
1
2
h∇νξµ + 1
2
hνσ(∇µξσ −∇σξµ)],
(26)
where
(dn−kx)µν =
1
k!(n− k)!ενµα1α1...αn−2dx
α1 ∧ dxα2 ∧ ...dxαn−2 . (27)
Here ξ is an specific asymptotic Killing vector which is given by specific f and Y A, and
hµν = δgµν is the variation of the metric under this ξ, h is the trace of hµν . The symbol ✁δ
indicates that this expression may not be integrated out.
Then the charge on the horizon can be calculated:
✁δQ[f ;Y A] =
1
16piG
∫
(dn−2x)υρ2[2fκδ(
√
det Ω) + 2∂υfδ(
√
det Ω)− 2f∂υδ(
√
det Ω)
− Y Aδ(θA
√
det Ω) +
1
2
f
√
det Ω(ΩABΩCD − ΩACΩBD)∂υΩCDδΩAB]
(28)
This expression cannot be integrated out, as κ can vary under ξ, i.e. δκ 6= 0, and it cannot
be expressed by any functions of Ω. This problem can be avoided for the cases with fixed κ.
The last item cannot be integrated out either because it involves both ΩAB and its derivative.
But when discussing the cases of stationary black holes, the last item will vanish also.
2.4 Algebra
Now consider the case of isolated horizon with fixed temperature. Assuming that κ is a
constant, Eq.(18)-Eq.(21) can be simplified with fixed κ, then Eq.(18) transforms into
κ∂υf + ∂
2
υf = 0. (29)
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The form of its solutions need to be
f(υ, xA) = T (xA) + e−κυX(xA) (30)
Then the relation in Eq.(24) and Eq.(25) will be
T12 = Y
A
1 ∂AT2 − Y A2 ∂AT1, (31)
X12 = Y
A
1 ∂AX2 − Y A2 ∂AX1 − κ(T1X2 − T2X1), (32)
Y A12 = Y
B
1 ∂BY
A
2 − Y B2 ∂BY A1 . (33)
The asymptotic Killing vectors can be expressed as ξ = ξ(T,X, Y A, Y B, . . . ), and, with-
out loss of generality, the functions can be expanded in Laurent modes,
T(m,n,...,p,...,l) = ξ((x
1)m(x2)n . . . (xa)p . . . (xD−2)l, 0, 0, 0, . . . ),
X(m,n,...,p,...,l) = ξ(0, (x
1)m(x2)n . . . (xa)p . . . (xD−2)l, 0, 0, 0, . . . ),
Y 1m,n,...,p,...,l = ξ(0, 0,−(x1)m+1(x2)n . . . (xa)p . . . (xD−2)l, 0, 0, 0, . . . ),
Y 2m,n,...,p,...,l = ξ(0, 0, 0,−(x1)m(x2)n+1 . . . (xa)p . . . (xD−2)l, 0, 0, . . . ),
Y am,n,...,p,...,l = ξ(0, 0, 0, 0, . . . ,−(x1)m(x2)n . . . (xa)p+1 . . . (xD−2)l, 0, . . . ),
Y D−2m,n,...,p,...,l = ξ(0, 0, 0, · · · − (x1)m(x2)n . . . (xa)p . . . (xD−2)l+1).
(34)
The nonvanishing commutation relations read
[Y am,n,...,p,...,l, Y
a
m′,n′,...,p′,...,l′] = (p− p′)Y am+m′,n+n′,...,p+p′,...,l+l′,
[Y am,n,...,p,...,k,...,l, Y
b
m′,n′,...,p′,...,k′,...,l′] = kY
a
m+m′,n+n′,...,p+p′,...,k+k′...,l+l′ − p′Y bm+m′,n+n′,...,p+p′,...,l+l′,
[Y am,n,...,p,...,l, Tm′,n′,...,p′,...,l′] = −pTm+m′,n+n′,...,p+p′,...,l+l′,
[Y am,n,...,p,...,l, Xm′,n′,...,p′,...,l′] = −pXm+m′,n+n′,...,p+p′,...,l+l′,
[Xm,n,...,p,...,l, Tm′,n′,...,p′,...,l′] = κXm+m′,n+n′,...,p+p′,...,l+l′.
Let Y a
m
≡ Y am1,m2,...,ma,...,mD−2, Tm ≡ Tm1,m2,...,ma,...,mD−2 and Xm ≡ Xm1,m2,...,ma,...,mD−2 with
m = (m1, m2, . . . , ma, . . . , mD−2) standing for the list of indices, one can cast the above
algebra into the following form
[Y i
m
, Y j
n
] = mjY
i
m+n − niY jm+n,
[Y i
m
, Tn] = −niTm+n,
[Y i
m
, Xn] = −niXm+n,
[Tm, Xn] = −κXm+n.
(35)
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The first line of the algebra represents a generalization of the Witt algebra. Its presence at
the black hole horizons was only recently noticed in a remarkably different construction [27].
As a side remark, (35) has a nice subalgebra,
[Y˜ i
m
, Y˜ j
n
] = (mj − ni)Y˜ im+nδi,j,
[Y˜ i
m
, Tn] = −niTm+n,
[Y˜ i
m
, Xn] = −niXm+n,
[Tm, Xn] = −κXm+n,
(36)
where Y˜ i
m
≡ Y a0,...,ma,...,0.
The generators T and X are two copies of supertranslation currents [8] associated with
the symmetry
υ → υ + T (xA) + e−κυX(xA), (37)
and the vector fields Y A are responsible for generating generalized superrotations
xA → xA + Y A(xE). (38)
Note that there are two sets of supertranslation currents given by Xm and Tm, and D − 2
sets of generalized superrotations Y i
m
which generate a new algebra that can be regarded as
a type of generalization of the usual Witt algebra. This general extension of Witt algebra
also appears in the discussion about internal gauge symmetry in higher dimension[27]. From
the last line of Eq.(35), Xm can be viewed as an expansion under the action of T0.
It is easy to check that the subalgebra (36) can be viewed as a direct product of the
algebra found in [11] with more generalized superrotations. In the four dimensional case,
the metric ofD−2 hypersurface ΩAB can be written by stereographic coordinates xa = (z, z¯),
in a such way that
ΩAB =
4Ω
(1 + zz¯)2
dzdz¯ (39)
This implies that Y A are conformal Killing vectors on the ΩAB in three and four dimensional
case, then we can always choose the form of Y A = Y A(xA), i.e.Y = Y (z), Y¯ = Y¯ (z¯), to agree
with the conditions Y˜ i
m
≡ Y a0,...,ma,...,0 automatically. Unfortunately, this calculation is not
suitable for D dimensional cases, as there does not exist a special form similar with (39) for
ΩAB, and Y
A are no longer conformal Killing vectors on it.
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3 THE CASE OF STATIONARY BLACK HOLES
In this section, we apply the above results to the case of stationary black holes.
3.1 Near horizon metrics for D-dimensional stationary black holes
Consider the general metric for a stationary and axisymmetric black hole [21, 27, 32, 33],
ds2 = f(− ∆
V 2
dt2 +
1
∆
dr2) + hijdθ
idθj + gab(dφ
a − ωadt)(dφb − ωbdt) (40)
where f, V, hij, gab and ω
a are functions of r and θi. ∆ only depends on r and the horizon
located at ∆(r0) = 0. In principle, one can identify the coordinates as the asymptotic time
t, the radial coordinate r, the latitudinal angles θi(i = 1, . . . , [D
2
] − 1) and the azimuthal
angles φa(a = 1, . . . , [D+1
2
]−1), where D is the total dimension of the spacetime. In the near
horizon region, V and ωa can always be expanded in the form of:
V (r, θi) = V0(r0) + V1(θ
i)∆ +O(∆2) (41)
ωa(r, θi) = ωa0(r0) + ω
a
1(θ
i)∆ +O(∆2) (42)
The task of this subsection is to find out the connection between Eq.(1) and Eq.(40).
Appendix A of [10] demonstrates the construction of the Gaussian null coordinate system for
a Kerr-Newman horizon. By extending the result of [10] to arbitrary dimensional stationary
black hole horizon, the functions in Eq.(1) can be expressed by the functions in Eq.(40). A
pair of future-oriented null vector la and na with the condition of la = ∂
∂υ
and lana = −1 on
the horizon are necessary to get the metric under the construction of [10].
Using the coordinate transformation
υ = t +
∫ r V0(r′)
∆(r′)
dr′
ϕa = φa +
∫ r V0(r′)ωa0(r′)
∆(r′)
dr′ − ωa0(r0)υ (43)
the metric(40) is transformed into:
ds2 = (−f ∆
V 2
+ gab(ω
a − ωa0(r0)(ωb − ωb0(r0)))dυ2 + 2(
fV0
V 2
− V0
∆
gab(ω
a − ωa0)(ωb − ωb0(r0))dυdr
+ (
V 2 − V 20
∆V 2
f +
V 20
∆2
gab(ω
a − ωa0)(ωb − ωb0))dr2 − 2gab(ωa − ωa0(r0))dϕbdυ
+ 2
V0
∆
gab(ω
a − ωa0)dϕbdr + hijdθidθj + gabdϕadϕb (44)
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The horizon is a null hypersurface with fixed r = r0, then the (D − 1) dimensional metric
on H reads:
dS2 = hijdθ
idθj + gabdϕ
adϕb (45)
It is easy to check that ∂
∂υ
is one of the null-normal vectors on the horizon. The second
null vector is:
n = −1
2
gab(θ
i, r0)ω
a
0(r0)ω
b
0(r0)
∂
∂υ
− V0(r0)
f(θi, r0)
∂
∂r
− ωa0(r0)
∂
∂ϕa
(46)
Consider a null geodesic congruence which crosses the horizon with tangent vector field n,
marked by the points on them, and parametrized with affine parameter ρ, such that ρ = 0
identifies the horizon. Near the horizon, those geodesics are expanded to the second order
of ρ
Xα(υ,r,θ,φ) ≈ Xα |ρ=0 +ρ
dXα
dρ
|ρ=0 +ρ
2
2
d2Xα
dρ2
|ρ=0 (47)
This defines a coordinate transformation from (υ1, ρ, θ
i
1, φ
a
1) to (υ, r, θ
i, φa), with
Xα |ρ=0= [υ1, r0, θi1, φa1]
And Xα satisfied the geodesics equation and the null vector n is tangent to it on the horizon,
this implies:
dXα
dρ
|ρ=0= nα (48)
and
d2Xα
dρ2
+ Γαβγ
dXβ
dρ
dXγ
dρ
= 0⇒ d
2Xα
dρ2
|ρ=0= −Γαβγ |ρ=0 nβnγ (49)
Then the first order expansion of the metric is
gµν ≈ g(0)µν + ρg(1)µν (50)
The zeroth order components are:
g(0)υ1ρ = −1
g
(0)
ij = hij
g
(0)
ab = gab
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The first order components are
g(1)υ1υ1 =
1
V0
∂∆
∂r
|r=r0
g
(1)
υ1i
=
1
f
∂f
∂θi
|r=r0
g(1)υ1a = gab
V0
f
∂ωb
∂r
|r=r0
g
(1)
ij = −
V0
f
∂hij
∂r
|r=r0
g
(1)
ia = −
V0(r0)
f(r0)
V0
∆
gab(ω
b − ωb0)
∂f(r0)
∂θi
g
(1)
ab = −
V0(r0)
f(r0)
∂gab
∂r
|r=r0
the components not listed above vanish. With these results, Eq.(1) can describe the geometry
of the near horizon region for arbitrary dimensional stationary black holes.
3.2 Charge
The charge Eq.(28) for the stationary black holes are
✁δQ[T ;Y A] =
1
16piG
∫
(dD−2x)υρ2[2Tκδ(
√
det Ω)− Y Aδ(θA
√
det Ω)] (51)
As δT = 0, δY A = 0, δκ = 0, the charges can be integrated:
Q[T ;Y A] =
1
16piG
∫
(dD−2x)υρ2
√−g¯[2Tκ− Y AθA] +Q0 (52)
Those changes close under Poisson bracket
{Q(T1, Y A1 ), Q(T2, Y A2 )} = Q(T12, Y A12) (53)
Defining
Tm = Q((x1)m1(x2)m2 . . . (xa)ma . . . (xD−2)mD−2 , 0, 0, 0, 0, . . . )
Ya
m
= Q(0, 0, 0, . . . ,−(x1)m1(x2)m2 . . . (xa)ma+1 . . . (xD−2)mD−2 , 0, . . . )
(54)
And define the generator
P(p,q,...,k,...,l) =
∑
m∈Z
∑
n∈Z
· · ·
∑
o∈Z
· · ·
∑
s∈Z
T(m,n,...,o,...,s)T(p−m,q−n,...,k−o,...,l−s), (55)
11
and setting Q0 = 0, one can obtain:
[Y i
m
, Y j
n
] = mjY
i
m+n − niY jm+n
[Y i
m
, Pn] = (mi − ni)Pm+n
(56)
Notice that, in four dimensional cases, this algebra reduce to extended BMS algebra found
in [11, 12].
3.2.1 D=2n+2
In this case, the number of latitudinal angle θi equal to the number of azimuthal angle φa,
i.e. Dθi = Dφa = n. Label both kinds of coordinates with a, b, c, . . .. To calculate the charges
which are defined in term of the coordinate xa, we let:
xa = eiφ
a
ua(θ
a); x¯a = e−iφ
a
ua(θ
a) (57)
Then:
A =
∫
r=r0
(dD−2x)υρ2
√−g¯ =
∫
r=r0
(dD−2x)tr2
√
hg (58)
The difference between the integration in phase space of two black holes at fixed κ is
T (A)
0
− T (B)
0
=
2κ
16piG
∫
r=r0
(dD−2x)υρ2δ
√−g¯ = κ
2pi
∆A
4G
= T∆SBH (59)
Notice that for a stationary black hole, Hawking temperature:
T =
1
4pi
1
V
∂∆
∂r
|r=r0 =
κ
2pi
This means that the zero mode of supertranslation charge is intimately related to the
Bekenstein-Hawking entropy and Hawking temperature. It should be noticed that Q0 = 0
is not necessary in this calculation.
For the charges associate with generalized superrotations. Note :
θAdx
A = θxadx
a + θxa¯dx
a¯ = θθadθ
a + θφadφ
a (60)
which leads to:
xaθxa =
1
2
(
ua(θ
a)
u′a(θ
a)
θθa − iθφa)
x¯aθx¯a =
1
2
(
ua(θ
a)
u′a(θ
a)
θθa + iθφa)
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From Eq.(52), the charges associate with generalized superrotation can be written as:
Ya(m1,m′1,...,ma,m′a,... ) =
1
16piG
∫
r−r0
(dD−2x)υρ
√−g¯(ua(θ
a)
u′a(θ
a)
θθa − iθφa)
u2m11 (θ
1) . . . u2maa (θ
a) . . . δm1,m′1 . . . δma,m′a . . . (61)
Y¯a(m1,m′1,...,ma,m′a,... ) =
1
16piG
∫
r−r0
(dD−2x)υρ
√−g¯(ua(θ
a)
u′a(θ
a)
θθa + iθφa)
u2m11 (θ
1) . . . u2maa (θ
a) . . . δm1,m′1 . . . δma,m′a . . . (62)
It is easy to check that:
Q(0,∂φa ) =i(Ya0 − Y¯a0) = −
1
16piG
∫
r−r0
(dD−2x)υρ2
√−g¯θφa
=− 1
16piG
∫
r−r0
(dD−2x)υρ2
√−g¯ V
f
gab
∂ωb
∂r
= Ja (63)
Each pair of Y a
0
and Y¯ a
0
correspond to a angular momenta. And the nonzero modes of
supertranslation are found to be
Tm = 2κ
16piG
∫
r−r0
√
hgdθm1 ∧ · · · ∧ dθma ∧ · · · ∧ dθmn
u2m11 (θ
1) . . . u2maa (θ
a) . . . δm1,m′1 . . . δma,m′a . . .
(64)
The integrations 61 to be vanish and 64 to be divergent for nonzero-modes in four dimensional
cases, see [12, 29, 34].
3.2.2 D=2n+3
In this case the number of latitudinal angle Dθa = n, and the number of azimuthal angle
Dφa = n+1. Similar to the calculation above, n pair of θ
a and φa(a = 1, . . . , n) can be picked
out to define Y am and Y¯
a
m, leaving a residual coordinate which is named as φ
n+1, producing
one more angular momenta:
Ya(m1,m′1,...,ma,m′a,... ) =
1
16piG
∫
r−r0
(dD−2x)υρ
√−g¯(ua(θ
a)
u′a(θ
a)
θθa − iθφa)
u2m11 (θ
1) . . . u2maa (θ
a) . . . δm1,m′1 . . . δma,m′a . . . δmn+1,0
Similar with the D = 2n+ 2 cases,
Q(0,∂
φn+1
) = iYn+10 =
−1
16piG
∫
r−r0
(dD−2x)υρ2
√−g¯θφn+1 = Jn+1.
In the case of D-dimensional stationary black holes, zero-modes are related to entropy
and angular momenta.
13
4 SUMMARY
In this paper, we extend the work of [11] to the case of black holes in generic dimensions. We
start by considering the boundary conditions for arbitrary dimensional black holes proposed
in [11, 12]. We calculate asymptotic Killing vectors, forming a closed algebra by using a
modified version of Lie brackets mentioned in [28]. Then we calculate the surface charges
and asymptotic symmetry group, which contains two supertranslations and D−2 generalized
superrotations. Remarkably, the superrotations generate a generalized Witt algebra that was
previously found on the black hole horizons in a very different construction [27], indicating
that there might be some connection between the two different ways of treatment. We have
applied the result to the case of D-dimensional stationary black holes by calculating the
charge algebra and zero-modes.
ACKNOWLEDGMENTS
The authors thank Xun Wang and Jiandong Zhang for helpful discussions. This work was
supported by the National Natural Science Foundation of China (Grant No. 11475064).
References
[1] A. Strominger, On BMS invariance of gravitational scattering,
J. High Energy Phys. 07 (2014) 152.
[2] A. Strominger and A. Zhiboedov, Gravitational memory, BMS supertranslations and
soft theorems, J. High Energy Phys. 01 (2016) 086.
[3] S. Pasterski, A. Strominger, and A. Zhiboedov, New gravitational memories,
J. High Energy Phys. 12 (2016) 053.
[4] D. Kapec, V. Lysov, S. Pasterski, and A. Strominger, Higher-dimensional supertrans-
lations and Weinbergs soft graviton theorem, 10.4310/AMSA.2017.v2.n1.a2.
[5] H. Bondi, M. G. J. van der Burg, and A. W. K. Metzner, Gravita-
tional waves in general relativity.VII. Waves from axisymmetric isolated systems,
Proc. Roy. Soc. Lond. A269 (1962) 21?52
14
[6] R. K. Sachs, Gravitational waves in general relativity.VIII. Waves in asymptotically flat
space-times, Proc. Roy. Soc. Lond. A270 (1962) 103?126.
[7] S. W. Hawking, M. J. Perry, and A. Strominger, Soft Hair on Black Holes
Phys. Rev. Lett. 116, 231301 (2016).
[8] S. W. Hawking, The information paradox for black holes, arXiv:1509.01147.
[9] M. Mirbabayi and M. Porrati, Shaving off Black Hole Soft Hair,
Phys. Rev. Lett. 117, 211301 (2016).
[10] I. Booth, Spacetime near isolated and dynamical trapping horizons,
Phys. Rev. D 87, 024008 (2013)..
[11] L. Donnay, G. Giribet, H. A. Gonzalez, and M. Pino, Extended symmetries at the black
hole horizon, J. High Energy Phys. 09 (2016) 100.
[12] L. Donnay, G. Giribet, H. A. Gonzlez, and M. Pino, Supertranslations and Superrota-
tions at the Black Hole Horizon, Phys. Rev. Lett. 116, 091101 (2016).
[13] M. Baados, C. Teitelboim, and J. Zanelli, The Black Hole in Three-Dimensional Space-
Time, Phys. Rev. Lett. 69, 1849 (1992).
[14] M. Baados, M. Henneaux, C. Teitelboim, and J. Zanelli, Geometry of the (2+1) black
hole, Phys. Rev. D 88, 069902 (2013)
[15] R. Cai, S. Ruan, and Y. Zhang, Horizon supertranslation and degenerate black hole
solutions, J. High Energy Phys. 09 (2016) 163. .
[16] M. R. Setare and H. Adami, BMS symmetries at null infinity and near horizon of non-
extermal black holes, Eur. Phys. J. C 76, 687 (2016) .
[17] H. Afshar, S. Detournay, D. Grumiller, and B. Oblak, Near horizon geometry and
warped conformal symmetry, J. High Energy Phys. 03 (2016) 187
[18] D. Grumiller and M. Riegler, Most general AdS3 boundary conditions,
J. High Energy Phys. 10 (2016) 023 .
[19] P. Mao, X. Wu and H. Zhang, Soft hairs on isolated horizon implanted by electromag-
netic fields, Classical Quantum Gravity 34, 055003(2017)
15
[20] S. Hou, Asymptotic symmetries of the null infinite and the isolate horizon,
arxiv:1704.05701
[21] J. Mei, Conformal symmetries of the Einstein-Hilbert action on horizons of stationary
and axisymmetric black holes, Classical Quantum Gravity 29, 095020 (2012).
[22] S. W. Hawking, M. J. Perry, and A. Strominger, Superrotation charge and supertrans-
lation hair on black holes, arXiv:1611.09175.
[23] S. J. Hacoy, S. W. Hawkingy, M. J. Perry, J. L. Bourjaily, The Conformal BMS Group,
arxiv.1701.08110.
[24] A. Strominger and A. Zhiboedov, Superrotations and black hole pair creation,
Classical Quantum Gravity 34, 064002 (2017).
[25] G. Comp‘ere and J. Long, Vacua of the gravitational field,
J. High Energy Phys. 07 (2016) 137.
[26] G. Comp‘ere and J. Long, Classical static final state of collapse with supertranslation
memory, Classical Quantum Gravity 33, 195001 (2016) .
[27] J. Mei, Emergent symmetry on black hole horizons, Phys. Rev. D 89, 064066 (2014).
[28] G. Barnich and C. Troessaert, Aspects of the BMS/CFT correspondence,
J. High Energy Phys. 05 (2010) 062.
[29] G. Barnich and C. Troessaert, BMS charge algebra,
J. High Energy Phys. 12 (2011) 105.
[30] G. Barnich and F. Brandt, Covariant theory of asymptotic symmetries, conservation
laws and central charges, Nucl. Phys. B633, 3C82 (2002).
[31] G. Barnich and G. Compere, Surface charge algebra in gauge theories and thermody-
namic integrability, J. Math. Phys. (N.Y.) 49, 042901 (2008).
[32] J. Mei, The entropy for general extremal black holes,
J. High Energy Phys. 04 (2010) 005.
[33] H. Lu, J. Mei, and C. N. Pope, Kerr/CFT correspondence in diverse dimensions,
J. High Energy Phys. 04 (2009) 054.
16
[34] G. Barnich and C. Troessaert, Comments on holographic current alge-
bras and asymptotically flat four dimensional spacetimes at null infinity,
J. High Energy Phys. 11 (2013) 003.
17
